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Introduction and Main Results
Let f be a meromorphic function. We denote by T .r; f / the Nevanlinna characteristic of f . The order and the lower order of f are defined by ½ = ½. f / = lim sup r→∞ log log M.r; f / log r = lim sup r→∞ log T .r; f / log r and ² = ². f / = lim inf r→∞ log log M.r; f / log r = lim inf r→∞ log T .r; f / log r ;
respectively, where M.r; f / = max{| f .z/| : |z| = r } is the maximum modulus (see for example [8] for an introduction to Nevanlinna Theory).
Let f and g denote two meromorphic functions. If f .g/ = g. f /; (1.1) then we call f and g permutable. Many mathematicians have studied the analytic and dynamical properties of f and g. The following general results are known.
• For a given f , there exist infinitely many transcendental entire functions g such that f .g/ = g. f /, for example, g = f n will do, where f n denotes the n-th iterate of f : f n = f n−1 . f /. There should be no confusion with ordinary powers, which will be explicitly written as . f .z// n if necessary.
• For a given f , there are only countably many entire functions g such that (1.1) holds (see [2] ).
• Let f .z/ = ae bz + c (ab = 0, a; b; c ∈ C). If f .g/ = g. f / then g = f n for some n ≥ 0 (see [1] ).
In this paper we shall study relations between permutable entire functions and differential equations. In fact, we shall consider functions which are solutions of some linear differential equations of the form 
As an application, we consider the following function f .z/:
where p.z/ is a polynomial, p i .z/ .i = 1; : : : ; n/ are non-zero polynomials and q i .z/ .i = 1; : : : ; n/ are polynomials with q i .z/ − q j .z/ ≡ constant for 1 ≤ i = j ≤ n. THEOREM 1.2. Let f and g be two permutable transcendental entire functions with ½.g/ < ∞, where f satisfies (1.3) . Assume that p.z/ is not a constant. Then there exist two rational functions P 1 .z/ and P 2 .z/ such that P 1 . f / = P 2 .g/. EXAMPLE 1. Let f .z/ = z + e z and g.z/ = z + e z + 2k³i, where
EXAMPLE 2. Let g 1 .z/ = z + sin z + 2k³ and g 2 .z/ = −z − sin z + 2k³ and f .z/ = z + sin z, where
where a ∈ C, a = 0 and k ∈ N. It is easy to check that q.g/ = −q. f / − .2k + 1:5/³i and f .g/ = g. f /.
The motivation for this research comes from the following open question in complex dynamics.
Let f be a nonlinear meromorphic function. We define
the sequence { f n } is well defined and normal at z and
where C = C ∪ {∞}, and the concept normal is in the sense of Montel. F. f / and J . f / are called the Fatou and Julia sets of f , respectively. When there is no confusion, we briefly write F and J instead of F. f / and J . f /. Clearly F. f / is open and it is well-known that J . f / is a nonempty perfect set which either coincides with C or is nowhere dense in C. For the basic results in the dynamical system theory of transcendental functions, we refer the reader to the books [9] and [13] .
OPEN QUESTION 1 (Baker [1] ). For two given permutable transcendental entire functions f and g, does it follow that
This is a difficult question to answer. So far, affirmative answers to special cases of functions of f and g have been obtained (see [1, 16, 18] ). When f and g are permutable rational functions, Fatou [4, 5, 6] and Julia [10] 
then there exist polynomials { p j } . j = 0; 1; : : : ; m/, not all identically zero, such that
. Let f j .z/ . j = 1; 2; : : : ; n/ and g j .z/ . j = 1; 2; : : : ; n, n ≥ 2/ be two systems of entire functions satisfying the following conditions:
Then f j .z/ ≡ 0 ( j = 1; 2; : : : ; n).
To state the following result, we denote by W . f 1 ; f 2 ; : : : ; f n / the Wronskian of the functions f 1 ; : : : ; f n :
: : : : : : : : : 
Then for any given positive integer n there exist a positive constant K and a sequence {r j } tending to ∞ such that 
LEMMA 2.6 ([12]). If f and g are two permutable transcendental entire functions and there exists a nonconstant polynomial 8.x; y/ in both x and y such that
where a 1 = a 2 = 1 and a n = n.n − 1/=2 for n ≥ 3.
PROOF. From (2.1) we see that ½. f / < ∞ (see [11] ). By (1.1) we have
: : :
n−2/ .g/A n;n−2 .g ; : : : ; g .n−1/ / + · · · + f .g/A n;2 .g ; : : : ;
where A i; j .g ; : : : ;
and B i; j . f ; : : : ;
are polynomials of f ; f ; : : : ; f .i−2/ . Solving the above system yields
: : : ;
where
are rational functions of g ; g ; : : : ; g .i/ and f ; f ; : : : ; f .i/ .
Replacing z by g.z/ in Equation (2.1) yields
Substituting (1.1) and (2.4) into (2.5) we deduce that
where 
PROOF OF CLAIM 2.8. We shall prove a more general result. Let P. f; f ; : : : ; f .n/ ; g; g ; : : : ; g .n/ / be a linear combination of
where s i , t i (0 ≤ i ≤ n) are integers and b.z/ is a rational function. We shall prove that there exists a positive constant K such that, for all sufficiently large j ,
In fact, by Nevanlinna's Logarithmic Derivative Lemma, (see [8, Page 105]) we have
Since ². f / > 0, lim inf r→∞ .log T .r; f /= log r / = ². f / > 0. Thus, for sufficiently large r , log r ≤ ². f / 2 log T .r; f / = o{T .r; f /}:
Combining this with the above inequality implies that
Now, by Lemma 2.5, there exists a positive constant K 1 such that
By Nevanlinna's First Fundamental Theorem, T .r; 1= f / ≤ 2T .r; f / for sufficiently large r . Note that T .r; b/ = o.T .r; f //. Thus, from (2.7) and (2.8),
for some positive constant K 2 and for sufficiently large j . Therefore, there exists a positive constant K such that
for sufficiently large j . Claim 2.8 follows.
Now by (2.6), Claim 2.8 and Lemma 2.1, there exist n + 2 polynomials Q n .z/, Q n−1 .z/; : : : ; Q 1 .z/; Q 0 .z/ and Q.z/, not all identically zero, such that
Substituting z by f .z/ in this equation, we get
Eliminating the term g .n/ . f / from this and (2.6), we have
PROOF OF CLAIM 2.9. Without loss of generality, we suppose on the contrary that H n−1 ≡ 0.
Then, from (1.1), (2.4) and (2.9) we deduce that
where E n−1;i . f ; g / (n ≥ 3, 1 ≤ i ≤ n − 2) are rational functions of g; g ; g ; : : : ; g .n/ and f ; f ; : : : ; f .n/ . By Claim 2.8 and Lemma 2.1, there exist n + 1 polynomials t n−1 .z/; t n−2 .z/; : : : ; t 1 .z/, t 0 .z/ and t .z/, not all identically zero, such that
This contradicts condition 3 of the lemma. Claim 2.9 follows.
Thus, we have
CLAIM 2.10. Q n ≡ 0 and Q 0 ≡ 0.
PROOF OF CLAIM 2.10. In fact, if Q n ≡ 0 then, by the same arguments as used in the proof of Claim 2.8, we can deduce that f .z/ must be a transcendental entire solution of some differential equation with order at most n − 1 and with polynomial coefficients. This is a contradiction. Hence Q n ≡ 0. It follows from (2.10) that Q 0 ≡ 0. Claim 2.10 follows.
This completes the proof of Lemma 2.7.
Proof of Theorem 1.1

By (2.2) and (2.3), we have
By assumption, p.z/= p 0 .z/ is not a constant. Therefore R 2 .z/ is not constant. Also R 1 .z/ is not constant by (3.1).
Proof of Theorem 1.2
Recall that
Without loss of generality, we assume that deg
It is easy to see that all u i; j are non-zero polynomials. Note from (4.1) that
for all j ≥ 0 and 1 ≤ i ≤ n. From
we get
: : : : : : : : :
; R 0 = u 1;n u 2;n · · · u n;n u 1;1 u 2;1 · · · u n;1 : : :
. f − p/
.n−1/ u 2;n−1 · · · u n;n−1 ; : : :
It is easy to check that A and R 0 are two polynomials with A ≡ 0 and R 0 ≡ 0. Substituting these into (4.4) for j = n, we have
Note that each B i .1 ≤ i ≤ n/ is a linear combination of f; f ; : : : ; f .n−1/ . We deduce that
where R n−1 ; : : : ; R 0 and R are polynomials. Further, f cannot be a solution of a differential equation
where t n−1 ; : : : ; t 1 , t 0 and t are polynomials, not all of them zero. For suppose to the contrary that f .z/ is a solution of (4.5). Then this, (4.3) and (4.4) (with j = n) imply that .u 1;n−1 t n−1 + u 1;n−2 t n−2 + · · · + u 1;1 t 1 + t 0 p 1 /e q1 + · · · + .u n;n−1 t n−1 + u n;n−2 t n−2 + · · · + u n;1 t 1
Combining this with Lemma 2.2, we get u 1;n−1 t n−1 + u 1;n−2 t n−2 + · · · + u 1;1 t 1 + t 0 p 1 = 0 : : : u n;n−1 t n−1 + u n;n−2 t n−2 + · · · + u n;1 t 1 + t 0 p n = 0:
These obviously contradict A ≡ 0. Thus the conditions of Lemma 2.7 are satisfied, so there exist polynomials Q.z/, Q 0 .z/, Q n−1 .z/ and Q n .z/, with Q 0 .z/ ≡ 0 and Q n .z/ ≡ 0, such that
We remark that
Similarly, for any i with 1 ≤ i ≤ n − 1, one has
: : : : : : : : : u 1;n−i−1 u 2;n−i−1 · · · u n;n−i−1 u 1;n−i+1 u 2;n−i+1 · · · u n;n−i+1 : : : : : : : : : : : :
Also, it is easy to verify that
Here we only prove that deg R 0 ≥ deg A. In fact, we have If p ≡ constant, this contradicts (4.7). Finally, the theorem follows from Lemma 2.7 and Theorem 1.1. The conclusion follows from Lemma 2.6.
Proof of
